A Course in Large Sample
Theory

JOIN US ON THE INTERNET VIA WWW, GOPHER, FTP OR EMAIL:
WWW:
GOPHER:
FTP:
EMAIL:

http://www.thomson.com
gopher.thomson.com
ftp.thomson.com
findit@kiosk.thomson.com

Aservice of

I(f)P

TEXTS IN STATISTICAL SCIENCE SERIES
Editors:
Dr Chris Chatfield
Reader in Statistics
School of Mathematical Sciences
University of Bath, UK

Professor Jim V. Zidek
Department of Statistics
University of British Columbia
Canada

OTHER TITLES IN THE SERIES INCLUDE:
Computer-Aided Multivariate Analysis
Third edition
A. Afifi and V. Clark
Practical Statistics for Medical Research
D.G. Altman
Interpreting Data
A. J. B. Anderson
Statistical Methods for SPC and TQM
D. Bissell
Statistics in Research and Development
Second edition
R.Caulcutt
The Analysis of Time Series - An introduction
Fifth edition
C. Chatfield
Problem Solving - A statistician's guide
Second edition
C. Chatfield
Introduction to Multivariate Analysis
C. Chatfield and A. J. Collins
Modelling Binary Data
D. Collett
Modelling Survival Data in Medical Research
D. Collett
Applied Statistics
D. R. Cox and E. J. Snell
Statistical Analysis of Reliability Data
M. J. Crowder, A. C. Kimber, T. J. Sweeting
and R. L. Smith
An Introduction to Generalized Linear Models
A. J. Dobson
Introduction to Optimization Methods and
their Applications in Statistics
B. S. Everitt
Multivariate Statistics- A practical approach
B. Flury and H. Riedwyl
Readings in Decision Analysis
S. French
Practical Longitudinal Data Analysis
D. Hand and M. Crowder
Multivariate Analysis of Variance and
Repeated Measures
D. J. Hand and C. C. Taylor

The Theory of Linear Models
B. J0rgensen
Modeling and Analysis of Stochastic
Systems
V. G. Kulkarni
Statistics for Accountants
S. Letchford
Statistical Theory
Fourth edition
B. Lindgren
Randomization and Monte Carlo Methods in
Biology
B. F. J. Manly
Statistical Methods in Agriculture and
Experimental Biology
Second edition
R. Mead, R. N. Curnow and A. M. Hasted
Statistics in Engineering
A. V. Metcalfe
Elements of Simulation
B. J. T. Morgan
Probability - Methods and measurement
A. O'Hagan
Essential Statistics
Second edition
D. G. Rees
Large Sample Methods in Statistics
P. K. Sen and J. M. Singer
Decision analysis - A Bayesian Approach
J. Q. Smith
Applied Nonparametric Statistical Methods
Second edition
P. Sprent
Elementary Applications of Probability
Theory
Second edition
H. C. Tuckwell
Statistical Process Control- Theory and practice
Third edition
G. B. Wetherill and D. W. Brown
Applied Bayesian Forecasting and Time
Series Analysis
A. Pole, M. West and J. Harrison

Full information on the complete range of Chapman & Hall statistics books is available from the
publishers.

A Course in Large Sample
Theory

Thomas S. Ferguson
Professor of Statistics
University of California
Los Angeles
USA

U~~~

I

Springer-Science+Business Media, B.V.

First edition 1996
© 1996 Springer Science+ Business Media Dordrecht
Originally published by Chapman & Hall1996

Typeset in the USA by Brookhaven Typesetting Systems, Brookhaven, New York
ISBN 978-0-412-04371-0
ISBN 978-1-4899-4549-5 (eBook)
DOI 10.1007/978-1-4899-4549-5

Apart from any fair dealing for the purposes of research or private study,
or criticism or review, as permitted under the UK Copyright Designs and
Patents Act, 1988, this publication may not be reproduced, stored, or
transmitted, in any form or by any means, without the prior permission
in writing of the publishers, or in the case of reprographic reproduction
only in accordance with the terms of the licences issued by the Copyright
Licensing Agency in the UK, or in accordance with the terms of licences
issued by the appropriate Reproduction Rights Organization outside the
UK. Enquiries concerning reproduction outside the terms stated here
should be sent to the publishers at the London address printed on this
page.
The publisher makes no representation, express or implied, with
regard to the accuracy of the information contained in this book and
cannot accept any legal responsibility or liability for any errors or
omissions that may be made.
A catalogue record for this book is available from the British Library

§

Printed on permanent acid-free text paper, manufactured in
accordance with ANSI/NISO 239.48-1992 and ANSI/NISO 239.48-1984
(Permanence of Paper).

Contents

Preface
Part 1

1
2
3
4
5

Part2

6
7
8
9
10

vii
Basic Probability
Modes of Convergence
Partial Converses to Theorem 1
Convergence in Law
Laws of Large Numbers
Central Limit Theorems
Basic Statistical Large Sample Theory
Slutsky Theorems
Functions of the Sample Moments
The Sample Correlation Coefficient
Pearson's Chi-Square
Asymptotic Power of the Pearson Chi-Square Test

Part3
11

Special Topics
Stationary m-Dependent Sequences
Some Rank Statistics
Asymptotic Distribution of Sample Quantiles
Asymptotic Theory of Extreme Order Statistics
Asymptotic Joint Distributions of Extrema

Part4

Efficient Estimation and Testing
A Uniform Strong Law of Large Numbers
Strong Consistency of Maximum-Likelihood Estimates

12
13
14
15

16
17

1

3
8

13

19
26
37

39

44

51

56

61

67

69
75
87
94
101

105

107
112
v

vi

18
19
20

21
22
23

24

Contents

Asymptotic Normality of the Maximum-Likelihood
Estimate
The Cramer-Rao Lower Bound
Asymptotic Efficiency
Asymptotic Normality of Posterior Distributions
Asymptotic Distribution of the Likelihood Ratio
Test Statistic
Minimum Chi-Square Estimates
General Chi-Square Tests

Appendix: Solutions to the exercises
References

Index

119

126
133

140
144
151

163

172
236
239

Preface

The subject area of mathematical statistics is so vast that in undergraduate
courses there is only time enough to present an overview of the material.
In particular, proofs of theorems are often omitted, occasionally with a
reference to specialized material, with the understanding that proofs will
be given in later, presumably graduate, courses. Some undergraduate texts
contain an outline of the proof of the central limit theorem, but other
theorems useful in the large sample analysis of statistical problems are
usually stated and used without proof. Typical examples concern topics
such as the asymptotic normality of the maximum likelihood estimate, the
asymptotic distribution of Pearson's chi-square statistic, the asymptotic
distribution of the likelihood ratio test, and the asymptotic normality of
the rank-sum test statistic.
But then in graduate courses, it often happens that proofs of theorems are
assumed to be given in earlier, possibly undergraduate, courses, or proofs are
given as they arise in specialized settings. Thus the student never learns in a
general methodical way one of the most useful areas for research in statistics
- large sample theory, or as it is also called, asymptotic theory. There is a
need for a separate course in large sample theory at the beginning graduate
level. It is hoped that this book will help in filling this need.
A course in large sample theory has been given at UCLA as the second
quarter of our basic graduate course in theoretical statistics for about twenty
years. The students who have learned large sample theory by the route given
in this text can be said to form a large sample. Although this course is given
in the Mathematics Department, the clients have been a mix of graduate
students from various disciplines. Roughly 40% of the students have been
from Mathematics, possibly 30% from Biostatistics, and the rest from
Biomathematics, Engineering, Economics, Business, and other fields. The
vii

viii
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students generally find the course challenging and interesting, and have often
contributed to the improvement of the course through questions, suggestions
and, of course, complaints.
Because of the mix of students, the mathematical background required
for the course has necessarily been restricted. In particular, it could not be
assumed that the students have a background in measure-theoretic analysis
or probability. However, for an understanding of this book, an undergraduate course in analysis is needed as well as a good undergraduate course
in mathematical statistics.
Statistics is a multivariate discipline. Nearly, every useful univariate problem has important multivariate extensions and applications. For this reason,
nearly all theorems are stated in a multivariate setting. Often the statement
of a multivariate theorem is identical to the univariate version, but when it is
not, the reader may find it useful to consider the theorem carefully in one
dimension first, and then look at the examples and exercises that treat problems in higher dimensions.
The material is constructed in consideration of the student who wants to
learn techniques of large sample theory on his/her own without the benefit
of a classroom environment. There are many exercises, and solutions to all
exercises may be found in the appendix. For use by instructors, other exercises, without solutions, can be found on the web page for the course, at
http://www.stat.ucla.edu/courses/graduate/M276B/.
Each section treats a specific topic and the basic idea or central result of
the section is stated as a theorem. There are 24 sections and so there are 24
theorems. The sections are grouped into four parts. In the first part, basic
notions of limits in probability theory are treated, including laws of large
numbers and the central limit theorem. In the second part, certain basic tools
in statistical asymptotic theory, such as Slutsky's Theorem and Cramer's
Theorem, are discussed and illustrated, and finally used to derive the asymptotic distribution and power of Pearson's chi-square. In the third part,
certain special topics are treated by the methods of the first two parts, such
as some time series statistics, some rank statistics, and distributions of
quantiles and extreme order statistics. The last part contains a treatment of
standard statistical techniques including maximum likelihood estimation,
the likelihood ratio test, asymptotic normality of Bayes estimates, and
minimum chi-square estimation. Parts 3 and 4 may be read independently.
There is easily enough material in the book for a semester course. In a quarter
course, some material in parts 3 and 4 will have to be omitted or skimmed.
I would like to acknowledge a great debt this book owes to Lucien Le
Cam not only for specific details as one may note in references to him in
the text here and there, but also for a general philosophic outlook on the
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subject. Since the time I learned the subject from him many years ago, he
has developed a much more general and mathematical approach to the
subject that may be found in his book, Le Cam (1986) mentioned in the references.
Rudimentary versions of this book in the form of notes have been in
existence for some 20 years, and have undergone several changes in computer
systems and word processors. I am indebted to my wife, Beatriz, for cheerfully typing some of these conversions. Finally, I am indebted to my students,
too numerous to mention individually. Each class was distinctive and each
class taught me something new so that the next year's class was taught
somewhat differently than the last. If future students find this book helpful,
they also can thank these students for their contribution to making it understandable.
Thomas S. Ferguson, Aprill996
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Basic Probability Theory
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Modes of Convergence

We begin by studying the relationships among four distinct modes of
convergence of a sequence of random vectors to a limit. All convergences
are defined for d-dimensional random vectors. For a random vector
X = (X1, ..• , Xd) E !Rd, the distribution function of X, defined for x =
(x 1, ••• , xd) E !Rd, is denoted by Fx(x) = P(X ::::;; x) = P(X1 ::::;; x 1, ••• ,
Xd ::::;; xd). The Euclidean norm of x = (x 1, ••• , xd) E !Rd is denoted by
lxl = (xr + ··· +x~) 1 1 2 • Let X, X1, X 2 , ••• be random vectors with values
in !Rd.
1. Xn converges in law to X, Xn ~X, if Fx (x) ~ Fx(x) as
for all points x at which Fx(x) is continuous.
"

DEFINmON

n --+

oo,

Convergence in law is the mode of convergence most used in the
following chapters. It is the mode found in the Central Limit Theorem and
is sometimes called convergence in distribution, or weak convergence.
1. We say that a random vector X E !Rd is degenerate at a point
!Rd if P(X =c)= 1. Let Xn E IR 1 be degenerate at the point 1jn, for

EXAMPLE

c

E

n = 1, 2, ... and let X E IR 1 be degenerate at 0. Since 1/n converges to
zero as n tends to infinity, it may be expected that Xn ~ X. This may be
seen by checking Definition 1. The distribution function of Xn is Fx (x) =
I 111 n,oo)(x), and that of X is Fx(x) = I 10,.,1(x), where Iix) denot~s the
indicator function of the set A (i.e., Iix) denotes 1 if x E A, and 0
otherwise). Then Fx(x) ~ Fx(x) for all x except x = 0, and for x =Owe
have Fx(O) = 0-++ Fx(O) = 1. But because Fx(x) is not continuous at
x = 0, w~ nevertheless have Xn ~ X from Definition 1. This shows the
3
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need, in the definition of convergence in law, to exclude points x at which
Fx(x) is not continuous.

2. X n converges in probability to X, X n ~ X, if for every
e > 0, P{IXn- XI > e} __. 0 as n __.co.

DEFINmoN

For a real number r > 0, Xn converges in the rth mean to X,
xn ~X, if EIXn -XI'- 0 as n-co.

DEFINmoN 3.

DEFINITION

4. X n converges almost surely to X, X n ~ X, if

Almost sure convergence is sometimes called convergence with probability 1 (w.p. 1) or strong convergence. In statistics, convergence in the rth
mean is most useful for r = 2, when it is called convergence in quadratic
mean, and is written Xn ~X. The basic relationships are as follows.
THEOREM

a) Xn

1.

~
X ~ Xn ~ X.
r

b ) Xn __. X for some r
p

5I'

>0

c) Xn __.X ~ Xn __. X.

~

p

Xn __. X.

Theorem 1 states the only universally valid implications between the
various modes of convergence, as the following examples show.
2. To check convergence in law, nothing needs to be known
about the joint distribution of Xn and X, whereas this distribution must be
defined to check convergence in probability. For example, if X 1, X 2 , •••
are independent and identically distributed (i.i.d.) normal random vari-

EXAMPLE

ables, with mean 0 and variance 1, then Xn ..::; X 1, yet Xn ~ X 1.
3. Let Z be a random variable with a uniform distribution on
the interval (0, 1), Z E W(O, 1), and let X 1 = 1, X 2 = 110, 1; 2>(Z), X 3 =
ii 11 ; 2, t)(Z), X 4 = / 10, 1; 4>(Z), X 5 = 11114, 1; 2>(Z),... . In general, if n =
2k + m, where 0 ::;:;; m < 2k and k ~ 0, then Xn = J1m2-k,(m+t)z-k>(Z).
EXAMPLE

Then Xn does not converge
for any Z
p
for all r > 0 and xn - 0.

E

[0, 1), so Xn ~· 0. Yet Xn ~ 0

5
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EXAMPLE

4. Let

z

be ~(0, 1) and let xn = 2n/[O, 1/n)(Z). Then EIXnl' =

2nr jn ----+ oo, so Xn ~ 0 for any r > 0. Yet Xn ~ 0 ({limn --.ooXn = 0} =
{Z > 0}, and P{Z > 0} = 1), and Xn ~ 0 (if 0 < s < 1, P(IXnl > s) =
P(Xn = 2n) = 1jn ----+ 0).
In this example, we have 0 ~ Xn ~ X and limn __."' EXn > EX. That
we cannot have 0 ~ Xn ~X and limn__. oo EXn < EX follows from the
Fatou-Lebesgue Lemma. This states: If Xn ~X and if for all n Xn ~ Y
for some random variable Y with E IYl < oo, then lim inf n __. oo EXn ~ EX.
In particular, this implies the Monotone Convergence Theorem: If 0 ~
X 1 ~ X 2 ~ • • • and Xn ~X, then EXn ----+ EX. In these theorems, X,
EXn, and EX may take the value + oo.
The Fatou-Lebesgue Lemma also implies the basic Lebesgue Dominated
Convergence Theorem: If xn ~X and if IXn I ~ y for some random
variable Y with E IYl < oo, then EXn ----+ EX.
The following lemma contains an equivalent definition of almost sure
convergence. It clarifies the distinction between convergence in probability
and convergence almost surely. For convergence in probability, one needs
for every s > 0 that the probability that Xn is within s of X tends to one.
For convergence almost surely, one needs for every s > 0 that the probability that Xk stays within s of X for all k ~ n tends to one as n tends to
infinity.
LEMMA

1. Xn ~X if and only if for every s > 0,
P{IXk- XI < s, for all k ~ n}----+ 1

as n ----+

oo •

(1)

Proof. Let An,e = {IXk- XI < s for all k ~ n}. Then P{limn--.oo Xn =X}
= P {for every s > 0, there exists an n such that IXk - XI < s for all
k ~ n} = P{ n e > 0 U n An, 8 }. Thus, Xn ~ X is equivalent to

P{n

e>O

(2)

UAn,e}=l.
n

Because the sets U n An, e decrease to n e > 0 U n An, e as s ~ 0, (2) is
equivalent to P{ U n An, J = 1 for all s > 0. Then, because An, e increases
to U n An , e as n ----+ oo, this in turn is equivalent to

P{ An
which is exactly (1).

J
•

----+

1 as n

----+ oo,

for all e

> 0,

(3)
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Proof of Theorem 1.

(a) Xn ~X=> Xn ~X: Let e > 0. Then
P{IXn- XI ~ e} ~ P{IXk- XI ~ e, for all k ~ n} --+ 1 as n ~ oo,
from Lemma 1.
(b) Xn ~X=> Xn ~X: We let /(X E A) denote the indicator random
variable that is equal to 1 if X E A and to 0 otherwise. Note that

EIXn- XI'~ E[IXn- XI'I{IXn- XI ~ e}] ~ e'P{IXn- XI ~ e}.
(This is Chebyshev's Inequality.) The result follows by letting n --+ oo.
(c) Xn ~X=> Xn ~X: Let e > 0 and let 1 E IRd represent the vector
with 1 in every component. If xn ~ Xo, then either X~ Xo + el or
IX- Xnl >e. In other words, {Xn ~ x 0 } c {X~ x 0 + el} U {IXXnl > e}. Hence,
Fx.(x 0 ) ~ Fx(x 0

+ el) + P{IX- Xnl > e}.

Similarly,
Fx(X 0

-

el) ~ Fx.(x 0 )

+ P{IX- Xnl > e}.

Hence, since P{IX- Xnl > e}--+ 0 as n--+ oo,
Fx(x 0

-

el) ~ liminf Fx.(x 0 ) ~ limsupFx.(x 0 ) ~ Fx(x 0

+ el).

If Fx(x) is continuous at x 0 , then the left and right ends of this
inequality both converge to Fx(x 0 ) as e --+ 0, implying that

Fx n(x 0 ) --+ Fx(x 0 ) as n --+ oo.

•

EXERCISES
1. Suppose Xn E9e(ljn, 1/n) (beta) and X E9(1, 1/2) (binomial).
Show that xn ~X. What if xn E9e(ajn, 13/n)?
2. Suppose Xn is uniformly distributed on the set of points
{ljn, 2jn, ... , 1}. Show that Xn ~X, where X is ~(0, 1). Does
X ~X?
n
'
3. (a) Show that if 0 < r' <rand EIXI' < oo, then EIXI' < oo.
(b) Show that if 0 < r' <rand Xn 4 X then Xn -4 X. You may use
Holder's Inequality: For nonnegative random variables X and Y
with finite means, EXPyt-p ~ (EX)P(EY) 1 -P for 0 ~ p ~ 1.
4. Give an example of random variables Xn such that E IXn I ~ 0 and
E1Xn1 2 --+1.

Modes of Convergence
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5. Let IL be a constant. Show that Xn ~ IL if and only if EXn --+ p,, and
var(Xn)--+ 0.
6. If the limiting distribution function, Fx, is continuous, then the definition of convergence in law is simply that Fx (x) --+ Fx(x) as n --+ oo, for
all x. However, in this case, it automaticaliy follows that the convergence is uniform in x. Prove this in one dimension: If Fx is continuous
2'
and Xn -+X
as n--+ oo, then supxiFx(x)- Fx(x)l --+ 0 as n--+ oo.
7. Using the Fatou-Lebesgue Lemma, (a) prove the Monotone Convergence Theorem, and (b) prove the Lebesgue Dominated Convergence
Theorem.

2

Partial Converses to Theorem 1

Although complete converses to the statements of Theorem 1 are
invalid, as we have seen, under certain additional conditions some important partial converses hold. We use the same symbol c to denote the point
c E ~d. as well as the degenerate random vector identically equal to c.
TIIEOREM2.
d

.!?

p

(a) If c E ~ , then Xn -- c ~ Xn -- c.
(b) If Xn ~X and 1Xn1' ~ Z for some r > 0 and some random variable Z
with EZ < oo, then Xn ..!... X.
(c) [Scheffe (1947)]. If Xn ~ X, Xn ~ 0, and EXn --EX < oo, then
r
Xn -- X, where r = 1.
(d) Xn ~ X if and only if every subsequence n 1, n 2 , ••• e {1, 2, ... } has a
sub-sequence m 1, m 2 , ••• e {n 1, n 2 , ••• } such that Xm. ~X as j-- oo.
I

REMARKS. Part (a), together with part (c) of Theorem 1, implies that
convergence in law and convergence in probability are equivalent if the
limit is a constant random vector. In the following sections we use this
equivalence often without explicit mention.
Part (b) gives a method of deducing convergence in the rth mean from
almost sure convergence. See Exercise 3 for a strengthening of this result,
and Exercise 2 for a simple sufficient condition for almost sure convergence.
Part (c) is sometimes called Scheffe's Useful Convergence Theorem
because of the title of Scheffe's 1947 article. It is usually stated in terms of
densities (nonnegative functions that integrate to one) as follows: If fn(x)
and g(x) are densities such that fn(x)-- g(x) for all x, then Jlfn(x) g(x)l dx-- 0. [The hypotheses fn(x) ~ 0 and ffn(x) dx -- fg(x) dx are
automatic here. The proof of this is analogous to the proof of (c) given
below.]

8
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Pointwise convergence of densities is a type of convergence in distribution that is much stronger than convergence in law. Convergence in law
only requires that P(Xn E A) converge to P(X E A) for certain sets A of
the form {x: x ~ a}. If the densities converge, then P(Xn E A) converges
to P(X E A) for all Borel sets A, and, moreover, the convergence is
uniform in A. In other words, suppose that Xn and X have densities (with
respect to a measure v) denoted by fn(x) and f(x), respectively. Then, if
fn(x) --+ f(x) for all x, we have
supiP(Xn EA)- P(X EA)I--+ 0.
A

The proof is an exercise. We will encounter this type of convergence later
in the Bernstein -von Mises Theorem.
As an illustration of the difference between this type of convergence
and convergence in law, suppose that Xn is uniformly distributed on the
set {ljn, 2jn, ... , njn}. Then Xn ~X E W(O, 1), the uniform distribution on [0, 1], but P(Xn E A) does not converge to P(X E A) for all A.
For example, if A = {x: x is rational}, then P(Xn E A)= 1 does not
converge to P(X E A) = 0.
Part (d) is a tool for dealing with convergence in probability using
convergence almost surely. Generally convergence almost surely is easier
to work with. Here is an example of the use of part (d). If Xn --+ X with
probability one (i.e., almost surely), and if g(x) is a continuous function of
x, then it is immediate that g(Xn) --+ g(X) with probability one. Is the
same result true if convergence almost surely is replaced by convergence
in probability? Assume X n ~ X and let g(x) be a continuous function of
x. To show g(Xn) ~ g(X), it is sufficient, according to part (d), to show
that for every subsequence, n 1 , n 2 , ••• e {1, 2, ... }, there is a sub-subsequence, m 1 , m 2 , ••• e {n 1, n 2 , ••• } such that g(Xm) ~ g(X) as i --+ 00 • So
let n 1, n 2 ,... be an arbitrary subsequence and find, using part (d), a
sub-subsequence m 1, m 2 , ••• e {n 1, n 2 , ••• } so that Xm. ~X. Then g(Xm)
~ g(X), since g(x) is continuous, and the result is' proved.
'
Proof of Theorem 2. (a) (In two dimensions)

P{IXn- cl

~ ev'2} ~.P{c- e(U
=P{xn

< Xn

~ c + eU)}

~ c+ e{U} -P{xn ~ c+ e( ! 1 )}

-P{xn

~ c + e( ~ 1 )} +P{xn ~ c- eU)}
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Here is a picture:

c2 + e
•C

c2- e

0

c1- e

c1 + e

(b) This is the Lebes~ue Dominated Convergence Theorem in d dimensions. Note that Xn ~X and IXnl' : :; Z implies lXI':::;; Z a.s., so that
IXn - XI':::;; (IXnl + lXI)':::;; (Z 11 ' + zt;ry:::;; 2'Z a.s. Now apply the
Lebesgue Dominated Convergence Theorem in the form given in the
previous section replacing Xn by IXn -XI' and X by 0.
(c) Let x+ denote the positive part of x: x+ = max{O, x}. In one
dimension, for a real number x, lxl = x + 2( -x)+; hence ElXn -XI=
E(Xn -X)+ 2E(X- Xn)+. The first term converges to zero because
EXn-- EX. The second term converges to zero by the Lebesgue Dominated Convergence Theorem, because 0 ~(X- Xn)+ ~ x+ and EX+< oo,
For dimensions greater than one, use the triangle inequality, IXn - XI :::;;
L.f~ 1 IXnj - Xjl, and use the above analysis on each term separately.
The proof of part (d) is based on the Borel-Cantelli Lemma. For events
Aj, j = 0, 1, ... , the event {Aj i.o.} (read Aj infinitely often), stands for the
event that infinitely many Aj occur.
THE BOREL-CANTELI.l LEMMA. If L.]~t P(Aj) <
Conversely, if the Aj are independent and
P{Aj i.o.} = 1.

oo,

then P{Aj i.o.} = 0.
= oo, then

L.]~t P(A)

Proof. (The general half) If infinitely many of the Aj occur, then for all n,
at least one A j with j ~ n occurs. Hence,

The proof of the converse is an exercise. (See Exercise 4.)
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A typical example of the use of the Borel-Cantelli Lemma occurs in
coin tossing. Let X 1, X2 , ••• be a sequence of independent Bernoulli trials
with probability of success on the nth trial equal to Pn· What is the
probability of an infinite number of successes? Or, equivalently, what is
P{Xn = 1 i.o.}? From the Borel-Cantelli Lemma and its converse, this
probability is zero or one depending on whether E Pn < oo or not. If
Pn = 1jn2 , for example, then P{Xn = 1 i.o.} = 0. If Pn = 1/n, then P{Xn
= 1 i.o.} = 1.
The Borel-Cantelli Lemma is useful in dealing with problems involving
almost sure convergence because Xn ~X is equivalent to
P{IXn -XI> e i.o.} = 0,

for all e > 0.

(d) (If) Suppose Xn does not converge in probability to X. Then there
exists an e > 0 and a 8 > 0 such that P{IXn -XI > e} > 8 for infinitely
many n, say {nj}. Then no subsequence of {nj} converges in probability,
nor, consequently, almost surely.
(Only if) Let en > 0 and E}= 1 ej < oo. Find nj such that P{IXn -XI ~
e j} < e j for all n ~ n j• and assume without loss of generality that n 1 < n 2
< .... Let Aj = {IXn - XI ~ e). Then, Ef= 1 P(Aj) ~ E}= 1 ej < oo, so
by the Borel-Cantelli Lemma, P{Aj i.o.} = 0. This says that with probability 1, IXn -XI ~ ej occurs only finitely many times. Since ej--+ 0, we
have for 1any e > 0 that with probability 1, IXn.- XI ~ e occurs only
finitely many times. Hence, Xn ~X; that is PtiX"P- XI> e i.o.} = 0
for all e > 0. Similarly, if n' is ~ny subsequence, Xn'--+ X, so we can find
a sub-subsequence n" of n' such that Xn" ~X. •
EXERCISES

1. Let X 1, X 2 , ••• be independent identically distributed with densities
f(x) = ax-<a+I)J(I,oo)(x). (a) For what values of a> 0 and r > 0 is it
true that (ljn)Xn ~ 0? (b) For what values of a> 0 is it true that
(ljn)Xn ~ 0? (Use the Borel-Cantelli Lemma.)
2. Show that if E E(Xn - X) 2 < oo, then Xn ~ X and Xn ~ X. Show
that if E EIXn - XI' < oo, then Xn ~ X and Xn ~ X.
3. Improve Theorem 2(b) and Theorem 2(c) by using Theorem 2(d) to
show
(a) If Xn ~X and IXnl' ~ Z for some r > 0 and some random variable Z such that EZ < oo, then Xn ~ X.
(b) If Xn ~ X, Xn ~ 0, and EXn --+EX < 00 , then Xn ~ X, where
r = 1.

